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The exact nature of dark energy is currently unknown and its cosmological perturbations, when
dark energy is assumed not to be the cosmological constant, are usually modelled as adiabatic. Here
we explore the possibility that dark energy might have a non-adiabatic component and we examine
how it would affect several key cosmological observables. We present analytical solutions for the
growth-rate and growth index of matter density perturbations and compare them to both numerical
solutions of the fluid equations and an implementation in the Boltzmann code CLASS, finding they
all agree to well below one percent. We also perform a Monte-Carlo analysis to derive constraints
on the parameters of the non-adiabatic component using the latest cosmological data, including
the temperature and polarization spectra of the Cosmic Microwave Background as observed by
Planck, the Baryon Acoustic Oscillations, the Pantheon type Ia supernovae compilation and lastly,
measurements of Redshift Space Distortions (RSD) of the growth-rate of matter perturbations. We
find that the amplitude of the non-adiabatic pressure perturbation is consistent with zero within
1σ. Finally, we also present a new, publicly available, RSD likelihood for MontePython based on
the “Gold 2018” growth-rate data compilation.
I. INTRODUCTION
Recent observations of Type Ia supernovae (SnIa) at
the end of the previous century have indicated that on
cosmological scales the Universe is undergoing a phase
of accelerated expansion, usually attributed to the cos-
mological constant Λ [1, 2]. Since then, this finding has
been confirmed via a plethora of different observations
something which, in conjunction with theoretical devel-
opments, has led to the creation of a robust description
of the evolution of the Universe on cosmological scales
within the framework of General Relativity (GR). This
paradigm is known as the standard Λ cold dark matter
model (ΛCDM) and it contains just six free parameters,
which describe the dark energy (DE) and matter contents
of the cosmos. Currently, the ΛCDM model is our best
phenomenological description of the data [3].
However, since the first detection of DE, several alter-
natives to the ΛCDM model have also been developed,
which roughly fall under the umbrella of two main cat-
egories. First, there are the so-called Modified Gravity
(MG) models [4], which assume that GR is modified on
large scales, the so-called Infrared (IR) modifications, in
order to accommodate current observations [5]. How-
ever, certain modifications of GR are fraught with diffi-
culties, such as the Ostrogradsky instability, that arises
when a non-degenerate Lagrangian with time derivatives
higher than second order, leads to an unstable Hamilto-
nian [6, 7]. Furthermore, several tests with cosmological
data seem to be in very good agreement with GR [8–19].
The second category of theories that are serious con-
tenders to ΛCDM are DE models [20] with as yet unob-
served scalar fields that dominate over the other matter
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species at late times, while at the same time, avoiding
fine-tuning [21, 22]. Most of these DE models also exhibit
perturbations, which will affect the large scale structure
(LSS) of the Universe, however they tend to be subdom-
inant at late times and on scales of interest. As a result,
in order to constrain the cosmological parameters to a
percent level and discriminate between the various theo-
ries, DE perturbations should be well understood as they
are expected to play an important role in the near future
[23–25].
These two categories seem at a first glance quite dis-
similar, however it is possible to unify them within the
same framework. One way to do this is to map the MG
models, to linear order, to some DE fluid via the effec-
tive fluid approach. Then, MG models can be interpreted
as DE fluids described by an equation of state w(a), a
pressure perturbation δP (k, a), and an anisotropic stress
σ(k, a) [24, 26–31]. Hence, the evolution of the back-
ground is determined by w(a), while the evolution of
the perturbations is governed by δP (k, a) and σ(k, a),
both of which are time and scale dependent. In this
case however, the effective fluid DE pressure perturba-
tion δP (k, a) could also be interpreted, as we will do
in Sec. II, as containing both an adiabatic and a non-
adiabatic contribution.
On the other hand, the presence of DE anisotropic
stress has the interesting side-effect that the DE sound
speed c2s,DE can in general be negative, without sacrific-
ing the overall stability of the perturbations. This is true
as long as the effective sound speed, which is the sum of
the DE sound speed and the anisotropic stress, is always
positive [32]. Moreover, it can be shown that a varying
adiabatic sound speed of DE perturbations can mimic
anisotropic stresses [33, 34].
In this paper we will consider an holistic approach
and also consider non-adiabatic DE perturbations, moti-
vated by the following reasons. First, in Ref. [35] it was
shown with a machine learning approach, based on the
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2Genetic Algorithms, that current data seem to give hints
for the existence of DE anisotropic stress, thus going be-
yond simple DE models within GR. This could also leave
open the possibility for a non-adiabatic DE component,
as then the DE component could originate from a higher
energy model, usually of the MG type. Second, the pre-
vious observation is crucial since, as mentioned earlier
and will be seen in detail in the following sections, when
MG models are described by the effective fluid approach,
equivalently they can also be modelled as a DE fluid with
a non-adiabatic component. Hence, we conclude that a
non-adiabatic DE component could arise naturally in a
wide class of models.
Finally, Primordial Black Holes (PBH) can be a sig-
nificant component of Dark Matter [36] and give rise to
entropy perturbations at early times on very small scales.
They grow like isocurvature energy density perturbations
and may eventually generate a significant component on
large scales [37]. Note that PBH as dark matter behaves
as an adiabatic component on very large scales, since it
follows the large scale curvature perturbations just like
baryons and photons. It is only on small scales that it
has an isocurvature component, which is also highly non-
Gaussian and can grow to become relevant at late times,
around vacuum energy domination. While the PBH en-
tropy perturbations happen in very different scales from
those of DE, this clearly provides another mechanism for
giving rise to a non-adiabatic component in the dark sec-
tor.
Here we consider the effects of the non-adiabatic DE
perturbations on LSS of the Universe, as the latter is
directly affected by the underlying gravitational theory,
something which allows us to easily search for deviations
from GR. A main probe of LSS is the matter density
perturbations, which in linear theory can be parameter-
ized through the growth parameter δm =
δρm
ρ¯m
and the
growth-rate f ≡ d ln δmd ln a , which is the former’s logarith-
mic derivative while ρ¯m is the background matter density
and δρm its perturbation to linear order. The growth-
rate can also be parameterized via the growth-index γ
parameter [38], which in the ΛCDM model is equal to
γ ' 6/11, hence making it easier to look for deviations
from GR. The growth-index is defined as the exponent
of the growth-rate f(z) = Ωγm(z) and, as in the ΛCDM
model the growth rate is scale-invariant on large scales,
this makes γ a useful discriminator of DE models [39].
One of the main advantages of the growth-rate is that
it encodes information about how gravity affects the LSS,
as the latter requires only linear physics, which is well
understood. This means the growth can be a particu-
larly useful probe [40]. Similarly, the growth-index can
help discriminate models both between DE and MG,
see Ref. [16, 17], but also between ΛCDM [14] and MG
models that are fully degenerate at the background level
[27, 41–44].
Some of the first constraints on the sound speed of DE
were reported in Ref. [45] by using WMAP data. How-
ever, given the data at the time, no significant sensitivity
on the adiabatic sound-speed was reported. On the other
hand, non-adiabatic perturbations were studied within
the context of a decaying vacuum cosmology in Ref. [46],
where they were found to only have an effect on larger
scales. Constraints on non-adiabatic DE models using
only growth RSD data were reported in Ref. [47], which
used a particular parameterization for the non-adiabatic
DE perturbations based on a linear combination of the
intrinsic and entropy perturbations Γ(a) and S(a) [47].
Using a conjoined analysis of the fσ8 and H(z) data no
deviations from ΛCDM were found. In the next sections
we will present a broader approach by considering a gen-
eral ansatz for the non-adiabatic DE perturbations and
we will use the latest cosmological data, including Planck
18, BAO and RSD measurements to constrain its model
parameters.
The structure of our paper is as follows: in Sec. II
we present the theoretical background of our analysis
and a realistic parameterization for the non-adiabatic
DE pressure perturbations, along with analytic solutions
for the growth of matter density perturbations and the
growth index γ, while in Sec. III we compare our numeri-
cal and analytical solutions against an implementation of
the non-adiabatic perturbations in the Boltzmann code
CLASS. In Sec. IV we present our results from a Monte-
Carlo Markov Chain (MCMC) analysis using the latest
cosmological data, while in Sec. V we discuss our conclu-
sions. Finally, in Appendix A we present an implemen-
tation of the redshift space distortions (RSDs) likelihood
for MontePython.
II. THEORY
We will consider a spatially flat Universe and assume
that the scalar perturbations of the metric can be de-
scribed by the perturbed Friedmann-Robertson-Walker
metric in the conformal Newtonian gauge
ds2 = a2
[−(1 + 2ψ)dτ2 + (1− 2φ)dxidxi] , (1)
where a = a(τ) = 11+z is the scale factor, z is the redshift
and dτ = dt/a is the conformal time in terms of the
cosmic time t.
We assume that a DE fluid is responsible for the ac-
celerated expansion of the Universe and that its back-
ground evolution can be described by an equation of state
w = P¯ /ρ¯, while its fluctuations can be described by a
pressure perturbation δP and anisotropic stress σ. The
energy momentum tensor of the fluid can be written
Tµν = Pδ
µ
ν + (ρ+ P )U
µUν , (2)
where the overhead bar ρ¯ denotes a background quantity,
Uµ ≡ dxµ/√−ds2 is the four velocity, given to linear or-
der by Uµ ' 1a
(
1− ψ, ui) for ui = dxi/dτ and the den-
sity and pressure include both background and perturba-
tions, i.e. ρ = ρ¯+ δρ and P = P¯ + δP . The components
3of the energy momentum tensor are then given by
T 00 = −(ρ¯+ δρ), (3)
T 0i = (ρ¯+ P¯ )ui, (4)
T ij = (P¯ + δP )δ
i
j + Σ
i
j , (5)
where Σij is the anisotropic stress tensor, which is trace-
less Σii = 0 and can also be written via the σ parameter
as (ρ¯+ P¯ )σ ≡ −(kˆikˆj − 13δij)Σji .
The evolution equations of the fluid variables δ = δρρ¯
and velocity of the DE fluid θ = ikjuj can be found by the
conservation of the energy momentum tensor Tµν ;ν = 0
and are given by [25, 48]:
δ˙ = −(1 + w)
(
θ − 3φ˙
)
− 3H
(
δP
ρ¯
− wδ
)
, (6)
θ˙ = −H(1− 3w)θ − w˙
1 + w
θ +
δP/ρ¯
1 + w
k2 − k2σ + k2ψ,(7)
where H ≡ a˙a is the conformal Hubble parameter and k
is the wavenumber of the Fourier mode of the perturba-
tions, which in GR are decoupled.
In general, is is most convenient to describe the DE
pressure perturbation in the rest-frame ˆδP , denoted here
by a hat, which is defined as the frame where the fluid
is at rest, i.e. θˆ = 0. Then, the pressure perturbation in
the rest-frame can be expressed in terms of the energy
density ρ and entropy S as Pˆ = Pˆ (ρ, S) as [49]
ˆδP =
∂ˆP
∂ρ
∣∣∣∣∣
S
δˆρ+
∂ˆP
∂S
∣∣∣∣∣
ρ
δˆS, (8)
where the DE density and entropy perturbations at the
rest-frame are given by δˆρ and δˆS respectively. In princi-
ple, the non-adiabatic contribution may come from some
internal degrees of freedom, as for example happens in
the quintom model [23]. We can straight-forwardly iden-
tify the DE rest-frame sound speed as
cˆ2s ≡
∂ˆP
∂ρ
∣∣∣∣∣
S
, (9)
which is equal to one for quintessence, but is in the range
cˆ2s ∈ [0, 1] for K-essence or other models [50]. For modi-
fied gravity models it can even be negative, in which case
one would presume that a negative value would cause in-
stabilities in the perturbations, unless there is anisotropic
stress to stabilize them [32].
We can now decompose the pressure perturbation in
terms of the sound speed cˆ2s and a non-adiabatic part
ˆδP nad as
ˆδP = cˆ2sρ¯δˆ +
ˆδP nad, (10)
where both quantities are defined in the DE rest-frame
and the non-adiabatic contribution at the rest-frame can
be identified as
ˆδP nad =
∂ˆP
∂S
∣∣∣∣∣
ρ
δˆS. (11)
In order to use the aforementioned expressions for the
pressure perturbation in any other frame besides the DE
rest-frame, we have to change gauge by considering a gen-
eral coordinate transformation between the hatted (DE
rest-frame) and the unhatted (general) frame [23, 48]:
xµ = xˆµ + dµ, (12)
where dµ = (α(~x, τ), ~∇β(~x, τ) + ~(~x, τ)), for some func-
tions α, β and . Then, the perturbation variables trans-
form as [48]
δ = δˆ − α ˙¯ρ
ρ¯
, (13)
θ = θˆ − αk2, (14)
δP = ˆδP − α ˙¯P, (15)
where in the rest frame we have that θˆ = 0. We can
use Eq. (14) to eliminate α, as θˆ = 0, thus finding from
Eq. (15)
δP = ˆδP − 3Hc2aρ¯
(1 + w)θ
k2
, (16)
where c2a =
˙¯P
˙¯ρ
= w − w˙3H(1+w) is the so called adiabatic
sound speed and we have used the background conserva-
tion equation
˙¯ρ+ 3H(1 + w)ρ¯ = 0. (17)
Using Eqs. (10), (13) and (17) in Eq. (16) we can write
the pressure perturbation in any gauge as
δP = cˆ2sρ¯δ +
ˆδP nad + 3H
(
cˆ2s − c2a
)
ρ¯
(1 + w)θ
k2
, (18)
which is in agreement with Ref. [23]. Thus, our final
expressions for the evolution equations for the DE per-
turbations in the conformal Newtonian gauge are given
by
δ˙DE = −(1 + w)
(
θDE − 3φ˙
)
− 3H (cˆ2s − w) δDE
− 9H2 (cˆ2s − c2a) (1 + w)θDEk2 − 3H ˆδP nadρ¯ , (19)
θ˙DE = −H(1− 3cˆ2s)θDE +
k2cˆ2s
1 + w
δDE − k2σ + k2ψ
+
ˆδP nad/ρ¯
1 + w
k2. (20)
Compared to Refs. [48] and [25], the last terms in
Eqs. (19) and (20) are new. The latter, ignoring any
non-adiabatic contributions, are commonly used in the
Boltzmann codes to model the behavior of the DE pertur-
bations. In order to include them in the aforementioned
codes, we will henceforth assume that the DE fluid at the
rest frame also has a non-adiabatic component ˆδP nad.
This extra component however, can in principle desta-
bilize the perturbations. To demonstrate this, we follow
4Ref. [32] and we eliminate θ from Eqs. (19)-(20), resulting
in a second order equation for the growth of DE pertur-
bations δDE:
δ¨DE + (· · · )δ˙DE + (· · · )δDE =
= −k2
(
(1 + w)ψ + cˆ2sδDE +
ˆδP nad/ρ¯− 2
3
pi
)
+ · · · ,
(21)
where the dots (· · · ) indicate the presence of complicated
expressions and we have redefined the anisotropic stress
parameter of the DE fluid as pi ≡ 32 (1 + w)σ. Here we
focus solely on the last k2 term, which as discussed in
Ref. [23], it will act as a source driving the perturba-
tions. However, since the potential scales as ψ ∼ 1/k2
in matter domination, the only terms that matter are
the sound speed, the non-adiabatic perturbation and the
anisotropic stress. Therefore, we can define an effective
sound speed as
c2s,eff = cˆ
2
s +
ˆδP nad
ρ¯ δDE
− 2
3
pi/δDE, (22)
which has to be positive for the perturbations to be stable
at all scales.
In order to solve Eqs. (19) and (20), we need to choose a
parameterization for the DE non-adiabatic pressure per-
turbations. Here we will consider a case which is moti-
vated by the effective fluid approach of Refs. [27, 28] and
as an example we will consider the designer f(R) model,
see Ref. [27], which is constructed so that the background
expansion corresponds exactly to ΛCDM but to linear
order, it can have perturbations [41]. This implies that
w = −1 and from Eq. (18) we have that for the designer
f(R) model
ˆδP nad,des
ρ¯
=
δP
ρ¯
− cˆ2sδDE − 3H
(
cˆ2s − c2a
) VDE
k2
, (23)
where δPρ¯ and δDE are given by Eqs. (42) and (43) of
Ref. [27], VDE = (1+w)θDE, while cˆ
2
s = 1 for f(R). Note
that for this model, in general we have VDE 6= 0 even if
w = −1 [27].
We plot this function for the designer f(R) model for
Ωm0 = 0.3, fR0 = −10−4 and w = −1 in Fig. 1, where we
see that at both early and late times, the non-adiabatic
component evolves as a power law of the form ˆδP nad/ρ¯ '
c0a
nk2/H20 . Specifically, we find that [27]
n =
9
4
+
√
73
4
' 4.386, (24)
c0 = −5 +
√
73
36
g(Ωm0)fR0, (25)
where
g(Ωm0) ' Ω
− 1712−
√
73
12
m0
2F1
[√
73+5
12 ,
√
73+11
12 ;
√
73+6
6 ; 1− Ωm0
] . (26)
∼a4.386
∼a0.35
10-4 0.001 0.010 0.100 1
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FIG. 1. The evolution of δˆPnad
ρ¯
for the designer f(R) model
obtained using the effective fluid approach of Ref. [27], for
Ωm0 = 0.3, fR0 = −10−4, k = 300H0 and w = −1. As seen,
at different times the non-adiabatic component evolves as a
power law of the form δˆPnad
ρ¯
∼ c0ank2. The solid black line
corresponds to the prediction from the designer f(R) model,
while the dashed and dot-dashed lines to the asymptotic limits
at early and late times respectively.
Inspired from this functional form, in what follows we
will assume the rather general ansatz
ˆδP nad
ρ¯
= c0 a
nk2/H20 , (27)
where (c0, n) are parameters to be determined, however
the exponent n has to be positive so as to ensure the
non-adiabatic DE perturbation vanishes at early times,
thus we will assume the prior n ∈ (0,∞). In the next
sections we will present constraints on the parameters
(c0, n) in the case of w =const and of no DE anisotropic
stress (σ = 0).
A. The initial conditions
Here will now discuss the initial conditions for the
DE perturbations in both gauges and in two different
regimes, in matter and radiation domination. First, we
consider the initial conditions in the conformal Newto-
nian gauge in matter domination, for which we follow
Ref. [25]. In a similar vein we consider two regimes, first
that the DE perturbations are larger than the sound hori-
zon, k  aH/cˆs or equivalently that cˆ2s = 0, and second
we also consider the small scales solutions k  aH/cˆs,
which implies the terms scaling as k2 dominate of over
the rest.
In any case, the initial conditions for matter and the
potential (assuming no anisotropic stress) in matter dom-
5ination are unchanged and given by [25]
δm(a) = δ0
(
a+
3H20 Ωm0
k2
)
, (28)
Vm(a) = −δ0H0
√
Ωm0 a
1/2, (29)
φ = −3
2
δ0
H20 Ωm0
k2
, (30)
where δ0 is a normalization set at early times from infla-
tion, while Vi ≡ (1 + wi)θi.
In the first case (k  aH/cˆs) we find that the initial
conditions for the DE density and velocity perturbations
are given by
δDE(a) = δ0(1 + w)
(
a
1− 3w +
3H20 Ωm0
k2
)
−
c0k
2an
(
6 + 9n+3w − 2ak
2/H20
nΩm0−3Ωm0w+Ωm0
)
H20 (2n+ 3)
,(31)
VDE(a) = −δ0(1 + w)H0
√
Ωm0 a
1/2
+
c0k
4an+
1
2
H30
(
n+ 32
)√
Ωm0
. (32)
In the second case (k  aH/cˆs) we find that the initial
conditions for the DE density and velocity perturbations
are given by
δDE(a) =
3
2
(1 + w)δ0
H20 Ωm0
cˆ2sk
2
− c0k
2an
cˆ2sH
2
0
, (33)
VDE(a) = −9
2
(1 + w)(cˆ2s − w)
H30 Ω
3/2
m0
cˆ2s k
2
a−1/2
+
c0k
2
√
Ωm0a
n− 12 (n− 3w)
cˆ2sH0
[
1− 9H
2
0 Ωm0(cˆ
2
s − w)
ak2
+
81H40 Ω
2
m0(cˆ
2
s − w)2
a2k4
]
. (34)
We find that in both cases the last terms containing c0,
are new compared to Ref. [25] and correspond to the
contribution of the non-adiabatic term.
For the simpler case of a constant adiabatic DE sound-
speed cˆ2s, the initial conditions in the synchronous gauge
in radiation domination where first derived in Ref. [51]
as a series expansion in terms of kτ . Here we general-
ize this approach by also considering the non-adiabatic
pressure perturbation and we follow Refs. [48, 51]. Since
we have to expand in terms of kτ we find that in this
case it more convenient to consider the different regimes
for the index n of the power law of our ansatz given by
Eq. (27). Specifically, as we have already mentioned, n
has to be positive in order for the non-adiabatic pressure
perturbation to vanish at early times, so we will consider
the regimes n ∈ (0, 1), n ∈ [1, 2), n ∈ [1, 2) and n ≥ 3,
since then the scalar factor dominates differently at early
times.
Then, by expanding the Einstein and fluid equations
in terms of kτ , following Refs. [48, 51], we find the ini-
tial conditions for the DE density δDE and velocity θDE
perturbations for n ∈ (0, 1)
δDE(a) =
δ0(3cˆ
2
s − 4)(kτ)2(w + 1)
6cˆ2s − 12w + 8
+
c0k
2
4H20 (3cˆ
2
s − 6w + 4)(cˆ2s − w)
·
[
4
(
w
(
(kτ)2 − 9w + 12)− 4)
− 3cˆ2s
((
(kτ)2 − 6)w + 4) ], (35)
θDE(a) = − δ0cˆ
2
sk(kτ)
3
6cˆ2s − 12w + 8
+
c0k
3(kτ)w
(
cˆ2s
(
(kτ)2 − 6)+ 12w − 8)
4H20 (w + 1)(3cˆ
2
s − 6w + 4)(cˆ2s − w)
.(36)
For n ∈ [1, 2) we have that
δDE(a) =
δ0(3cˆ
2
s − 4)(kτ)2(w + 1)
6cˆ2s − 12w + 8
+
3ac0k
2(w − 1)
H20 (2cˆ
2
s − 3w + 1)
, (37)
θDE(a) = − δ0cˆ
2
sk(kτ)
3
6cˆ2s − 12w + 8
+
ac0k
3(kτ)(3w − 1)
3H20 (w + 1)(−2cˆ2s + 3w − 1)
. (38)
For n ∈ [1, 2) we have that
δDE(a) =
δ0(3cˆ
2
s − 4)(kτ)2(w + 1)
6cˆ2s − 12w + 8
+
3a2c0k
2(3w − 4)
H20 (6cˆ
2
s − 12w + 8)
, (39)
θDE(a) = − δ0cˆ
2
sk(kτ)
3
6cˆ2s − 12w + 8
+
a2c0k
3(kτ)(3w − 2)
2H20 (w + 1)(−3cˆ2s + 6w − 4)
, (40)
while for n ≥ 3 the contribution from the non-adiabatic
pressure perturbation of Eq. (27) is subdominant and we
recover the results of Ref. [51].
B. Approximate solutions and the growth index
Here we present analytic solutions to the evolution
equations Eqs. (19) and (20), but also analytic expres-
sions for the growth index γ at late times. We note that
the forthcoming approximations are only used to gain
insight and intuition on the effects of the non-adiabatic
term on the growth and the LSS and are not used in
CLASS or the MCMC analysis later on, for which we
solve the corresponding equations numerically.
One way to determine how the non-adiabatic DE pres-
sure perturbation, and DE in general, affects the growth
of matter density perturbation δm ≡ δρmρ¯m , is to rewrite
6the fluid equations for matter and DE as a second or-
der differential equation for δm. To do so, we assume
homogeneity, isotropy and neglect neutrinos, which is a
viable approximation since our data is not in such small
scales affected by them. Then, the growth of matter can
be followed with the second order differential equation
[52–55]
δ′′m(a)+
[
3
a
+
H ′(a)
H(a)
]
δ′m(a)−
3Ωm0H
2
0 Geff(a)
2a5H(a)2GN
δm(a) = 0,
(41)
where the effects of DE or a modified gravity theory, such
as f(R), at the perturbations level can be taken into
account by the effective Newtonian constant Geff(a).
To find the effects of the non-adiabatic pressure per-
turbation we follow Ref. [25], where it was shown that
for a DE fluid with constant equation of state w during
matter domination Q ≡ Geff(a)/GN is given by
Q− 1 =
(
1− Ωm
Ωm
)(
1 + w
1− 3w
)
a−3w ≡ Q0a−3w. (42)
To find a similar expression of Q during dark energy dom-
ination, which is a solution on small scales k  aH/cˆs,
that takes into account the non adiabatic component
ˆδP nad/ρ¯ we do the following. Defining the scalar veloc-
ity perturbation as V ≡ ikjT j0 /ρ = (1 + w)θ, Eqs. (19)
and (20) can be rewritten, in the conformal Newtonian
gauge, as
δ′DE = −
VDE
Ha2
(
1 +
9a2H2
(
cˆ2s − c2a
)
k2
)
− 3
a
(
cˆ2s − w
)
δDE
+ 3(1 + w)φ′ − 3
a
ˆδP nad
ρ¯
, (43)
V ′DE = −(1− 3cˆ2s)
VDE
a
+
k2
Ha2
cˆ2sδDE + (1 + w)
k2
Ha2
ψ
+
ˆδP nad
ρ¯
k2
Ha2
− (1 + w)k
2
Ha2
σ, (44)
where the prime ′ is the derivative with respect to the
scale factor a and we are assuming there is no DE
anisotropic stress, i.e σ = 0, hence φ = ψ. In Eq. (44),
in order to not have large velocity perturbations it is ex-
pected that the terms that scale as k2 cancel out, hence
δDE =
3
2
(1 + w)
H20 Ωm
cˆ2sk
2
δ0 −
ˆδP nad/ρ¯
cˆ2s
, (45)
where we have used that k2φ = − 32δ0H20 Ωm which is the
solution for the perturbation equations in matter domi-
nation [25]. Then using Eqs. (43) and (45) we find
VDE = −3Ha(cˆ2s − w)δ − 3Ha
ˆδP nad
ρ¯
. (46)
Now we can compute Q in the dark energy domination
regime as
Q− 1 = ρDE∆DE
ρm∆m
(47)
where ∆ ≡ δ + 3aHVk2 is the gauge invariant density per-
turbation. In matter domination we have that ∆m = δ0a,
while for DE we have that
∆DE ' 3
2
(1 + w)
H20 Ωm
cˆ2sk
2
δ0 −
ˆδP nad/ρ¯
cˆ2s
, (48)
which is similar to the initial condition given by Eq. (33).
From Eq. (48) we see that the dominant term comes from
the contribution of the non adiabatic part, as the latter
scales as k2, see Eq. (27), hence Q can be expressed as
Q− 1 ' −1− Ωm
Ωm
ˆδP nad/ρ¯
δ0cˆ2s
a−1−3w. (49)
1. Analytic solutions for the growth
Modeling the non-adiabatic pressure perturbation as
in Eq. (27), Q can be written as
Q(k, a) = 1− 1− Ωm
Ωm
c0k
2
δ0cˆ2sH
2
0
an−1−3w. (50)
In order to solve Eq. (41) with Q ≡ Geff(k, a)/GN given
by Eq. (50) we need to make an approximation due to
the appearance of the term an−1, which makes it difficult
to find analytic solutions. As we expect that n ∼ O(1)
at late times, see Fig. 1, then we make a series expansion
of the term an−1 around n = 1 of the form
an−1 ' 1 + (n− 1) ln a+ · · ·
' 1− (n− 1) ln (1 + z) + · · · , (51)
where in the second step we used that a = 11+z . Since
we are interested at the evolution of the growth at low
redshifts, we replace the term ln (1 + z) with an average
b0 = 〈ln (1 + z)〉, which in the range z ∈ [0, 2] is approx-
imately b0 ' 0.6479. Hence, under this approximation
Newton’s constant becomes
Q(k, a) ' 1− 1− Ωm
Ωm
c0k
2
δ0cˆ2sH
2
0
(1− b0 (n− 1)) a−3w.
(52)
Then, by making the following change of variables
a−3w ≡ x and inserting Eq. (49) in Eq. (41) we find
δm(a) = a2F1
[
1
4
− 5
12w
+B,
1
4
− 5
12w
−B, 1− 5
6w
;
−1− Ωm0
Ωm0
a−3w
]
, (53)
where
B = − 1
12w
√
(1− 3w)2 + 24δB, (54)
δB = − c0k
2
δ0cˆ2sH
2
0
(1− b0 (n− 1)) . (55)
To compare our analytical results with the full numer-
ical solution from the evolution equations Eq. (19)-(20)
7in the next sections we will use the combination fσ8(a)
which is a measurable quantity and is defined as
fσ8(a) ≡ f(a) · σ(a)
=
σ8,0
δm(1)
aδ′m(a), (56)
where σ(a) = σ8,0
δm(a)
δm(1)
is the redshift-dependent rms
fluctuations of the linear density field at R = 8h−1Mpc
while the parameter σ8,0 is its value today.
2. The growth-rate index γ
Finally, we briefly discuss the growth index γ in the
presence of DE perturbations. The latter affect the evo-
lution of the matter density contrast δm ≡ δρmρm and its
growth rate f(a) ≡ d ln δmd ln a . When we ignore DE pertur-
bations, the latter can be approximated as [38, 56, 57]
f(a) = Ωm(a)
γ(a), (57)
where the growth index γ is given by
γ(a) = γm(a)
=
ln f(a)
ln Ωm(a)
' 3(1− w)
5− 6w + · · · , (58)
which for ΛCDM reduces to γ ∼ 611 and by γm we de-
note the contribution to the growth index coming from
the CDM and the background evolution only. When we
include the DE perturbations assuming they are sourced
from an anisotropic stress, the growth index picks up a
correction [57]
γ = γm + γDE, (59)
where the contribution coming from the DE perturba-
tions is given by
γDE ' − 3(1 + w)
18w2 − 21w + 5 + · · · . (60)
From now on we will refer to Ωm(a) as Ω as a shorthand.
If we include DE perturbations the growth index for the
matter can be written to first order as
γ =
ln(f(Ω))
ln(Ω)
=
3(δB + w − 1)
6w − 5 −
3(Ω− 1)((δB + w − 1)(9δB(4w − 3)− 3w + 2))
2 ((5− 6w)2(12w − 5)) + · · · ,
(61)
We can split the growth index into two parts, the first be-
ing the contribution from the CDM component and the
background expansion denoted as γm, while the second
being the contribution from the non-adiabatic compo-
nent, denoted as γDE, then we have:
γ = γm + γDE, (62)
and we find from Eq. (61) that
γm =
3(w − 1)
6w − 5 +
3(3w − 2)(w − 1)(Ω− 1)
2(5− 6w)2(12w − 5) + · · · , (63)
γDE =
3δB
6w − 5 + (Ω− 1)
(
−3δB(6w(6w − 11) + 29)
2 ((5− 6w)2(12w − 5)) −
27δB2(4w − 3)
2 ((5− 6w)2(12w − 5))
)
+ · · · , (64)
where δB is given by Eq. (55). These expressions are
similar to those when DE perturbations are included,
originally derived in Ref. [57], but now the extra con-
tribution comes instead from the non-adiabatic pressure
perturbation.
III. COMPARISON WITH CLASS AND
NUMERICAL SOLUTIONS
Here we present in detail how the non-adiabatic pres-
sure perturbation, given by the ansatz of Eq. (27), affects
several key cosmological quantities, such as the scale-
dependent growth fσ8(k, z), the matter power spectrum
P (k, z) and the CMB TT power spectrum CTT` .
To do this, we implemented the non-adiabatic pressure
perturbation as given by Eq. (27), along with the initial
conditions in radiation domination in the synchronous
gauge, given by Eqs. (35)-(40), in the Boltzmann code
CLASS [58, 59]. To test our modifications, we also com-
pare the numerical results from CLASS with the numer-
ical solution in Mathematica of the evolution equations
(19) and (20), but also with the analytical solutions of
Sec. II B.
We should note that there is a difference between
the normalization used in CLASS, which uses units of
Mpc thus affecting the initial values of the perturba-
tions δ0, and in the numerical solution of the evolu-
tion equations (19) and (20) in Mathematica, where
we set δ0 = 1, so that δm(a) ∼ a in matter domi-
nation, but also k is expressed in units of H0. For
example, a wavenumber of k = 0.1Mpc−1 in CLASS
corresponds to k = 0.1 3000h H0 =
300
h H0 in our nota-
tion1. Then, the coefficient c0 is rescaled by a factor
of c0,CLASS → c0,Math
(
3000
h
)2 δ0,CLASS
δ0,Math
between the two
frameworks. In what follows, we will express all values
of c0 in the dimensionless picture, i.e. c0 = c0,Math, as
that is easier to test numerically with any ODE solver,
not only CLASS.
1 Similarly, a wavenumber of k = 0.1hMpc−1 is equivalent to k =
0.1 · 3000H0 = 300H0.
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FIG. 2. Left panel: The evolution of the scale dependent growth rate fσ8(k, z) for various values of c0 and n = 0.5. In this
case the growth was calculated with CLASS via δ(k, z) ≡
√
P (k,z)
P (k,0)
for k = 0.1Mpc−1. The points correspond to the “Gold
2018” growth-rate fσ8 compilation shown in Table V. Right panel: The matter power spectrum P (k, z) at z = 0, for various
values of c0 and n = 0.5. In both cases we assumed Ωm0 = 0.3, w = −0.8, h = 0.67.
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FIG. 3. Left panel: The absolute percentage difference of fσ8(z) between the numerical solution from the evolution equations
Eq. (20) (green line, denoted “ODE”) and the analytical approximation of Eq. (53) (denoted “Approx.”) with respect to the
numerical solution from our CLASS implementation for c0 = 2·10−7. Right panel: Same as the left panel, but for c0 = −2·10−7.
For both plots we assume Ωm = 0.3, w = −0.8, cˆ2s = 1, h = 0.67, k = 0.1Mpc−1 and σ8 = 0.8.
First, we show the dependence of the growth-rate
fσ8(k, z) and the matter power spectrum P (k, z) on the
parameter c0 keeping n fixed, see Fig. 2. In the left panel
we show the evolution of the scale dependent growth
rate fσ8(k, z) for various values of c0 and n = 0.5. In
this case the growth was calculated with CLASS via
δ(k, z) ≡
√
P (k,z)
P (k,0) for k = 0.1Mpc
−1. As can be seen,
the amplitude of the pressure perturbation ansatz c0 has
a strong effect on the growth rate fσ8(k, z) at late times
z < 1, thus we expect it to be tightly constrained in the
MCMC analysis in the next Section.
On the other hand, on the right panel of Fig. 2 we show
the matter power spectrum P (k, z) at z = 0, for various
values of c0 and n = 0.5. In both cases we assumed
Ωm0 = 0.3, w = −0.8, h = 0.67. As can be seen, the
effect of the non-adiabatic perturbations in this case is
to suppress or enhance power, depending on the sign of
c0, an effect similar to that observed in Ref [60] for a
mixed DE-DM model but also as observed in Ref. [61]
for a similar ansatz. Note that in general the matter
power spectrum P (k, z) at scales k ∼ 0.1 − 10 h/Mpc
can be constrained by Lyman alpha data [62], however
as those observations are beyond the scope of this work
we do not consider them in this analysis.
Next, we compare the results for the growth rate be-
tween CLASS, Mathematica and the analytical approx-
imation to the growth equation. In Fig. 3 we show the
absolute percentage difference of fσ8(z) between the nu-
merical solution from the evolution equations Eq. (20)
(green line, denoted “ODE”) and the analytical approxi-
mation of Eq. (53) (denoted “Approx.”) with respect to
the numerical solution from CLASS for c0 = 2 · 10−7. In
the right panel we show the same functions as in the left
one, but for c0 = −2 · 10−7. For both plots we assume
Ωm = 0.3, w = −0.8, cˆ2s = 1, h = 0.67, k = 0.1Mpc−1
and σ8 = 0.8. As seen in Fig. 3, with the approximation
we have sub-percent agreement between the analytic ap-
proximation and the numerical one at late times.
In Fig. 4 we also compare the predictions for the
growth index γ as a function of redshift for Ωm0 = 0.3,
k = 0.1Mpc−1, c0 = 2 · 10−7, n = 0.5 and w = −0.8
for five different cases: γ = 3(w−1)6w−5 (dashed green line),
the analytical expression when inverting Eq. (57) for the
wCDM model (solid green line), the analytical approxi-
mation to first order of Eq. (61) (dashed blue line), the
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FIG. 4. The growth-index γ as a function of redshift for
Ωm0 = 0.3, k = 0.1Mpc
−1, c0 = 2 · 10−7, n = 0.5 and
w = −0.8 for five different cases: γ = 3(w−1)
6w−5 (dashed green
line), the analytical expression when inverting Eq. (57) for the
wCDM model (solid green line), the analytical approximation
to first order of Eq. (61) (dashed blue line), the analytical ex-
pression when inverting Eq. (57) with the growth given by
Eq. (53) for the non-adiabatic model model (dot-dashed blue
line) and the numerical solution of the fluid equation for the
non-adiabatic model model (solid blue line).
analytical expression when inverting Eq. (57) with the
growth given by Eq. (53) for the non-adiabatic model
model (dot-dashed blue line) and the numerical solution
of the fluid equation for the non-adiabatic model model
(solid blue line). As can be seen, in all cases the agree-
ment between the exact numerical result (solid blue line)
and the two approximations is on average of the order of
a percent.
Finally, in Fig. 5 we show the effect of the non-
adiabatic pressure perturbation, given by Eq. (27), on the
TT CMB spectrum (left) and its low multipoles (right).
Overall, the effect is either to enhance or suppress power
on large scale, i.e. small multipoles, with the rest of
the TT spectrum remaining unchanged. Thus, in our
MCMC analysis in the next section, we expect the main
constraint from the Planck 18 data to come from the
ISW part of the TT CMB spectrum. In both cases we
assumed Ωm0 = 0.3, w = −0.8, h = 0.67.
IV. MCMC RESULTS
Here we discuss how MontePython [63, 64] was
used to place constraints via an MCMC approach on
the parameters of the ansatz for the non-adiabatic
pressure perturbation given by Eq. (27). We used
the Planck 2018 CMB data and in particular we
add the “Planck highl TTTEEE”, “Planck lowl EE”,
“Planck lowl TT” temperature and polarization likeli-
hoods (collectively called CMB later on), but also the
CMB lensing “Planck lensing” likelihood [3].
We also add the BOSS DR-12 data [65], the 6dF BAO
points from Ref. [66], the MGS BAO points from [67] and
the Pantheon Supernovae Type Ia (SnIa) compilation of
Ref. [68]. Finally, we also include an RSD likelihood for
MontePython, presented here for the first time, based on
the “Gold 2018” growth-rate fσ8 compilation given in
Table I of Ref. [69]. We discuss the new likelihood in
detail in Appendix A.
As seen in the previous section, the non-adiabatic DE
pressure perturbation, as given by Eq. (27), may affect
the clustering of objects, by either suppressing or enhanc-
ing it. The non-linear regime in Boltzmann codes like
CLASS is taken into account with routines like Halofit
[70], which is calibrated with ΛCDM N-body simulations
in order to emulate the effects of non-linearities on small
scales (0.1 < k (Mpc/h) . 10) for a range of ΛCDM pa-
rameters. Halofit should not be expected to work well, if
at all, in models that deviate significantly from this sce-
nario. Indeed, simulations of Warm Dark Matter (WDM)
models demonstrate that Halofit overestimates the power
spectrum at small scales [71]. Hence, one should be care-
ful when using Halofit, especially when the model under
consideration induces scale-dependent corrections to the
matter power spectrum, as in our case here. As a result,
we have decided to turn off Halofit in our analysis.
We then ran MCMC chains for the wCDM model and
the non-adiabatic model for two data combinations each:
CMB+BAO+SnIa and CMB+BAO+SnIa+RSD in or-
der to assess the constraining power of the new RSD
likelihood. For the wCDM model we ran four chains
with roughly 200,000 points, while for the non-adiabatic
model we ran 19 chains with roughly 2,000,000 points in
total in order to make sure all the parameters, described
below, were well converged.
Specifically, for the MCMC runs of the wCDM model
we consider the following parameters: the DE equa-
tion of state parameter w, assuming it is constant, the
baryon and cold dark matter density parameters Ωb,0h
2
and Ωc,0h
2 respectively, the angular scale of the acous-
tic oscillations θ, the optical depth to Thomson scat-
tering from reionization τ and the two parameters of
the primordial power spectrum As and ns. In a nut-
shell, our parameter vector for the wCDM model is then
pwCDM =
(
w,Ωb,0h
2,Ωc,0h
2, θ, As, ns
)
. On the other
hand, for the MCMC runs of the non-adiabatic model, we
include the parameters of the wCDM model, along with
the two non-adiabatic parameters c0 and n of Eq. (27).
Then, our parameter vector for the non-adiabatic model
is pnon-ad =
(
w,Ωb,0h
2,Ωc,0h
2, θ, As, ns, c0, n
)
.
In Fig. 6 we show the confidence contours for wCDM
using CMB+Lensing+BAO+SnIa (green contours) and
the CMB+Lensing+BAO+SnIs+RSD (blue contours),
while in Tables I-II we present the 68% mean values and
95% confidence regions, for some of the parameters of
the model. As can be seen, the contours are a bit shifted
to higher values of σ8,0 and w when the RSD data in-
cluded. This is consistent with the well-known tension
for σ8 between low and high redshift probes [18].
Next, in Fig. 7 we present the constraints for the non-
adiabatic model. In particular we show the confidence
contours using CMB+Lensing+BAO+SnIa (green con-
tours) and the CMB+Lensing+BAO+SnIs+RSD (blue
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FIG. 5. The effect of the non-adiabatic pressure perturbation, given by Eq. (27), on the TT CMB spectrum (left) and its low
multipoles (right). As can be seen, the effect is either to enhance of suppress power on small multipoles, with the rest of the
TT spectrum remaining unchanged. In both cases we assumed Ωm0 = 0.3, w = −0.8, h = 0.67.
contours), while in Tables III-IV we present the 68%
mean values and 95% confidence regions, for some of the
parameters of the model. As can be seen, the amplitude
of the non-adiabatic perturbation c0 is consistent with
zero, while n is very close to n ∼ 1/2 as expected from
the toy model based on the f(R) designer model.
V. CONCLUSIONS
In this work we have explored the effects of a non-
adiabatic DE pressure perturbation on the CMB and
LSS. First, we derived the extra contribution of this non-
adiabatic component on the DE perturbation equations,
given by the last terms in Eqs. (19) and (20). Since
currently it is unknown if DE has a non-adiabatic com-
ponent and, even if it does, the behavior of δˆPnadρ¯ is un-
known, we took advantage of the effective fluid approach
of Refs. [27]-[28] in order to construct a realistic ansatz.
In particular, using the designer f(R) model, we de-
rived the expected behavior of this non-adiabatic compo-
nent both at early and late times, finding that in either
era it can be modeled as a power-law. Inspired from
this, we then assumed the ansatz given by Eq. (27),
where from the f(R) model we expect n ∼ 0.5. We
then solved the fluid equations but also implemented it
into the Boltzmann code CLASS. Moreover, using an ap-
proach similar to that of Ref. [57], we were able to find
analytical approximations to the growth-rate of matter
Param best-fit mean±σ 95% lower 95% upper
ns 0.9622 0.965
+0.0039
−0.0041 0.9571 0.973
w −1.024 −1.03+0.033−0.032 −1.095 −0.9673
Ωm,0 0.3109 0.3058
+0.0076
−0.0082 0.2903 0.3215
10+9As 2.086 2.104
+0.03
−0.033 2.041 2.169
σ8,0 0.8152 0.8191
+0.011
−0.011 0.7973 0.8412
TABLE I. The best-fit, mean, 1σ errors and 95% confi-
dence limits for the wCDM model for the data combination
CMB+Lensing+BAO+SnIa. In this case the minimum was
found for χ2 = 3810.
Param best-fit mean±σ 95% lower 95% upper
ns 0.9692 0.9663
+0.0039
−0.004 0.9584 0.9742
w −1.005 −1.013+0.029−0.028 −1.07 −0.9554
Ωm,0 0.3061 0.3064
+0.0071
−0.0082 0.2917 0.3217
10+9As 2.112 2.101
+0.03
−0.032 2.037 2.164
σ8,0 0.8114 0.8115
+0.01
−0.0099 0.7911 0.8314
TABLE II. The best-fit, mean, 1σ errors and 95% confi-
dence limits for the wCDM model for the data combination
CMB+Lensing+BAO+SnIa+RSD. In this case the minimum
was found for χ2 = 3826.
Param best-fit mean±σ 95% lower 95% upper
ns 0.966 0.9651
+0.0038
−0.004 0.9571 0.973
w −0.9978 −1.027+0.033−0.027 −1.086 −0.9743
10+7c0 −0.3492 −0.2056+0.400−0.400 −1.000 1.000
n 0.4127 0.5019+0.083−0.12 0.200 0.800
Ωm,0 0.3083 0.3063
+0.0074
−0.0074 0.2914 0.3211
10+9As 2.098 2.104
+0.029
−0.032 2.041 2.168
σ8,0 0.8078 0.819
+0.01
−0.011 0.7983 0.8402
TABLE III. The best-fit, mean, 1σ errors and 95% confidence
limits for the non-adiabatic model for the data combination
CMB+Lensing+BAO+SnIa. In this case the minimum was
found for χ2 = 3809.
Param best-fit mean±σ 95% lower 95% upper
ns 0.9638 0.9662
+0.004
−0.0041 0.9582 0.9742
w −1.023 −1.016+0.031−0.027 −1.071 −0.9608
10+7c0 −0.08274 0.001678+0.36−0.28 −0.7133 0.7427
n 0.5417 0.4843+0.12−0.11 0.200 0.800
Ωm,0 0.3041 0.3059
+0.0076
−0.0074 0.291 0.3206
10+9As 2.097 2.099
+0.029
−0.031 2.037 2.162
σ8,0 0.8136 0.8122
+0.0097
−0.01 0.7925 0.832
TABLE IV. The best-fit, mean, 1σ errors and 95% confidence
limits for the non-adiabatic model for the data combination
CMB+Lensing+BAO+SnIa+RSD. In this case the minimum
was found for χ2 = 3827.
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FIG. 6. The confidence contours for the wCDM model using the data combinations of Planck+Lensing+BAO+SnIa (green
contours) and Planck+Lensing+BAO+SnIa+RSD (blue contours).
perturbations fσ8(z) of better than 0.5% when compared
with our numerical implementation in CLASS.
Since we expect the DE perturbations to have an ef-
fect, if at all, at late times when they are growing, we an-
ticipate the non-adiabatic component will only affect the
CMB at late times and on large scales. Equivalently, this
implies it affects the low multipoles via the ISW effect
and using our implementation in CLASS, we confirmed
this. Furthermore, availing ourselves of the modifications
in CLASS, we also make MCMC analyses using the lat-
est cosmological data. Here, we used CMB, BAO, SnIa
data, but also a new RSD likelihood for MontePython,
which we present in this work for the first time. Doing
this analysis we found that the parameter c0 is consistent
with zero at 1σ, while n ∼ 0.5 is in agreement with the
expectation from the designer f(R) model.
In conclusion, we have shown that a non-adiabatic DE
pressure perturbation could have measurable effects on
the CMB and other key cosmological observables such
as the growth-rate of matter density perturbations and
the matter power spectrum. Using the latest cosmologi-
cal data, including RSDs, and assuming a power-law for
the non-adiabatic DE component given by Eq. (27), we
constrained its amplitude and found it is consistent with
zero and GR at 1σ.
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FIG. 7. The confidence contours for wCDM with non-adiabatic DE perturbations using the data combinations of
Planck+Lensing+BAO+SnIa (green contours) and Planck+Lensing+BAO+SnIa+RSD (blue contours). Some of the con-
tours appear to be truncated due to a peculiarity of the MontePython plotting routines and not due to our choice of the prior.
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NUMERICAL CODES
The RSD Montepython likelihood, introduced in this
paper for the first time, for the growth-rate fσ8 data set
which is based on the compilation shown in Table V, can
be found at https://github.com/snesseris/RSD-growth.
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TABLE V. Compilation of the fσ8(z) measurements used in
this analysis along with the reference matter density param-
eter Ωm0 (needed for the growth correction) and related ref-
erences.
z fσ8(z) σfσ8(z) Ω
ref
m,0 Ref.
0.02 0.428 0.0465 0.3 [72]
0.02 0.398 0.065 0.3 [73],[74]
0.02 0.314 0.048 0.266 [75],[74]
0.10 0.370 0.130 0.3 [76]
0.15 0.490 0.145 0.31 [77]
0.17 0.510 0.060 0.3 [78]
0.18 0.360 0.090 0.27 [79]
0.38 0.440 0.060 0.27 [79]
0.25 0.3512 0.0583 0.25 [80]
0.37 0.4602 0.0378 0.25 [80]
0.32 0.384 0.095 0.274 [81]
0.59 0.488 0.060 0.307115 [82]
0.44 0.413 0.080 0.27 [83]
0.60 0.390 0.063 0.27 [83]
0.73 0.437 0.072 0.27 [83]
0.60 0.550 0.120 0.3 [84]
0.86 0.400 0.110 0.3 [84]
1.40 0.482 0.116 0.27 [85]
0.978 0.379 0.176 0.31 [86]
1.23 0.385 0.099 0.31 [86]
1.526 0.342 0.070 0.31 [86]
1.944 0.364 0.106 0.31 [86]
Appendix A: The RSD likelihood
Here we describe the RSD likelihood we used for the
MCMC analysis done in the previous sections. In partic-
ular, we implement in python a likelihood for the “Gold
2018” growth-rate fσ8 compilation with N = 22 data
points given in Ref. [69] and shown in Table V with the
corresponding references of each point.
The growth data used here are obtained from RSD
measurements, which probe the LSS. In practice they
measure the parameter fσ8(a) ≡ f(a) · σ(a), where
f(a) = dlnδdlna is the growth rate and σ(a) = σ8,0
δ(a)
δ(1) de-
notes the redshift-dependent rms fluctuations of the lin-
ear density field within spheres of radius R = 8h−1Mpc,
where by σ8,0 we denote its present value. This par-
ticular dataset was shown in Ref. [69] to be internally
robustness and unbiased by using the “robustness” crite-
rion of Ref. [87], by which combinations of subsets in the
dataset underwent a Bayesian analysis and the dataset’s
overall consistency was established.
This compilation was also used in Ref. [88], to place
constraints on the dark-matter pressure, sound speed and
viscosity. Some other compilations also exist in the lit-
erature, see Refs. [89–91], however these contain dupli-
cated points coming from the same surveys but in differ-
ent years, as the goal of their analysis was to study the
evolution of the fσ8 tension over time. Here we will only
focus on the compilation given in Table V, as these points
are unique and their statistical robustness has been al-
ready confirmed [69].
By using the ratio of the monopole to the quadrupole of
the redshift-space power spectrum, fσ8(a) can be mea-
sured directly and it can be shown that assuming lin-
ear theory fσ8(a) is independent of the bias parameter
b(k, z), as the latter completely cancels out [78, 92, 93].
Moreover, and more importantly for this analysis, it has
been shown that fσ8(a) can also discriminate between
DE models [78].
In Table V the RSD data points are given in dif-
ferent redshifts as fσobs,i8 =
(
fσobs8 (z1), . . . , fσ
obs
8 (zn)
)
,
while the theoretical prediction is given by fσth8 (θp) =(
fσth8 (z1), . . . , fσ
th
8 (zn)
)
, which depends on the cosmo-
logical model and the parameters θp. Note however, that
some of the points are correlated to each other, but also
assume a fiducial cosmology that has to be corrected for
due to the Alcock-Paczynski effect, see Refs. [69], [18]
and [89], while for earlier analyses see Refs. [15, 17, 19].
We give the values of the Ωm0 parameter for the fiducial
flat ΛCDM model used in the fourth column of Table. V.
The correlated data points are the three WiggleZ
points from Ref. [83] and the four points from SDSS [86].
The covariance matrix of the WiggleZ data is given by
CWiggleZ = 10
−3
 6.400 2.570 0.0002.570 3.969 2.540
0.000 2.540 5.184
 , (A1)
while the covariance matrix of the SDSS points is given
by
CSDSS-IV = 10
−2

3.098 0.892 0.329 −0.021
0.892 0.980 0.436 0.076
0.329 0.436 0.490 0.350
−0.021 0.076 0.350 1.124
 .
(A2)
The redshift correction for the Alcock-Paczynski effect
as described in Ref. [18], is given in terms of a correction
factor of
fac(zi) =
H(zi) dA(z
i)
Href,i(zi) dref,iA (z
i)
, (A3)
where the label “ref, i” stands for the fiducial cosmology
used on each data point at the redshift zi. As a result,
the now corrected growth-rate is [94]
fσth,i8 →
fσth,i8
fac(zi)
. (A4)
We can then define the data vector V as:
V = fσobs,i8 −
fσth,i8
fac(zi)
, (A5)
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and the chi-squared of our likelihood via
χ2 = xTC−1x . (A6)
Finally, in CLASS we can obtain the scale-dependent
growth δ(k, z) at each redshift via the matter power spec-
trum as δ(k, z) =
√
P (k,z)
P (k,0) , where the matter power spec-
trum P (k, z) is obtained from the code itself via the func-
tion cosmo.pk(k,z). Then, fσ8(k, z) can be obtained
with simple cubic interpolations and direct differentia-
tion from Eq. (56).
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